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We study the generation of maximally correlated states of two qubits in the absence of quantum
entanglement. We show that stationary maximally correlated states can be generated under the
assistance of a collective dissipative dynamics. The absence of entanglement necessarily requires
maximal entanglement to an environment. The conditions under which two qubits can be maximally
correlated to a finite environment are studied. We find the existence of maximally correlated states
without entanglement for 3⊗ 3 bipartite quantum states.
INTRODUCTION
Entanglement in multipartite quantum systems is a
central issue in Quantum Information and Quantum
Computation, and has received considerable attention
from a theoretical [1, 2] and an experimental side [3–5].
Today we know that there exist other correlations than
entanglement which can be embodied in the quantum
state of two qubits [6]. From an entropic point of view,
the total amount of correlations, quantum and classical,
can be assumed to be described by the total quantum
mutual information. The total quantum correlations are
obtained after subtraction of classical correlations from
quantum mutual information. The operational definition
of classical correlations at the quantum level, lead us with
the definition of quantum discord (Q) [7], a measure of
quantum correlations. Quantum correlations could be
geometrically understood as a distance, in relative en-
tropy, from a given quantum state to the closest classical
state, differentiating explicitly the entanglement defined
as the distance, in relative entropy, from a given quantum
state to the closest separable state [8]. In the absence of
entanglement a residual correlation can still be present
in a separable quantum state given by the distance, in
relative entropy, from the separable state to the closest
classical state. This is the so called quantum dissonance.
Thus quantum dissonance is the correlation existing in
the absence of entanglement. The research in this field
has received a considerable attention since the discovery
that certain computational task could be accomplished
in the absence of entanglement [9, 10]. A prolific of sci-
entific work has been dedicated to characterize, measure
and the generation of states having correlations other
than entanglement.
Elucidate whether or not there is a physical process un-
der which correlated quantum states of two qubits could
be created in the absence of entanglement is a fundamen-
tal problem we address in this work. In particular, the
existence of a protocol to create states having a maximal
amount of quantum dissonance. The availability of such
states should be important to accomplish computational
task, not requiring entanglement, in quantum systems for
which the availability of quantum coherent control could
be a limited physical resource. Finally we find numer-
ical evidence that maximally correlated quantum states
could be created for bipartite higher dimensional quan-
tum systems in the absence of entanglement.
MAXIMALLY CORRELATED QUBITS WITH NO
ENTANGLEMENT
The class of states we are attempting to generate have
to be found within the set of separable states. In par-
ticular it has been defined the class of maximally dis-
cordant mixed states, which is a class of rank 2 and 3
states having maximal quantum discord versus classical
correlations. The class of states thus defined are given
by [11]:
ρ =  | Φ+〉〈Φ+|+(1−)(m|01〉〈01|+(1−m)|10〉〈10|) (1)
where |Φ+〉 = (|00〉 + |11〉)/√(2). For these states the
entanglement is readily found to be E = max{0,  −
2(1 − )√m(1−m)}. The class of separable states are
those for which  is below the border of separability
given by s = 2
√
m(1−m)/(1 + 2√m(1−m)). Given
that m ∈ [0, 1], s(m) is symmetric around m = 1/2
reaching the maximum value s|max = 1/2. All these
states belong to the class of dissonant states, that is
the quantum correlations embodied in such states is
only dissonance [11]. Let us briefly remind the main
concepts involved. Quantum correlations are defined
as the difference between quantum mutual information
I = S(ρA) + S(B) − S(ρAB) and the classical correla-
tions C(ρAB) = max {S(ρA)− S(ρA|B)}, where S(ρA|B)
is the conditional entropy of A given a measurement on
system B and the optimization is over all possible projec-
tive measurement on system B. The conditional entropy
for the case we are interested can be calculated using the
Ali-Rau-Alber results [12].
It is not difficult to find that for m = 1/2 and  = 1/3
the quantum mutual information is maximized and the
classical correlations, minimized. That is, the incoherent
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2superposition of three Bell states
ρ =
1
3
(| Φ+〉〈Φ+|+ |01〉〈01|+ |10〉〈10|), (2)
correspond to a maximally dissonant state. Other real-
ization could be obtained by changing subpaces:
ρ =
1
3
(| Ψ+〉〈Ψ+|+ |00〉〈00|+ |11〉〈11|) (3)
where |Ψ+〉 = (|01〉+ |10〉)/√2.
Reservoir assisted generation
The important issue we address in this work is the
search for a dynamical process that could allow us to
generate this class of quantum states without generat-
ing entanglement. From the state above, we guess that
such dynamics should be conditioned within a portion
of the Hilbert space such that only three Bell states are
involved. We will use the notation:
|1〉 = 1√
2
(|00〉+ |11〉), |2〉 = 1√
2
(|00〉 − |11〉)
|3〉 = 1√
2
(|01〉+ |10〉), |4〉 = 1√
2
(|01〉 − |10〉)
Suppose we have a physical process that only involves
the subspace {|1〉, |2〉, |3〉} such that the probability am-
plitude evolves according to:
ρ˙11 = −3γρ11 + γ
ρ˙22 = −3γρ22 + γ
ρ˙33 = −3γρ33 + γ
where γ is a constant. It is not difficult to see that such
equations evolves towards an stationary maximally disso-
nant state. The existence of this dynamics is conditioned
to the restriction that no coherence is created among dif-
ferent Bell states, and that the initial probability am-
plitude in state |4〉 is zero. Under such restriction the
system of equations above could be written as:
ρ˙11 = −2γρ11 + γ(ρ22 + ρ33)
ρ˙22 = −2γρ22 + γ(ρ11 + ρ33) (4)
ρ˙33 = −2γρ33 + γ(ρ11 + ρ22)
Can this system of equations be originated from a dynam-
ics of the Lindblad form? If this is the case, the selected
Bell states should be eigenstates of the operators included
in the master equation, and the transitions between Bell
induced by the Lindblad form should be restricted to
this subspace. For completeness, it is no difficult to ver-
ify that any local Lindblad Lγ(ρ) = −γ[1⊗A, [1⊗A, ρ]]
with A = σ, σ+, σx, σy, σz cannot lead to Eqs. (9).
Since the Bell states {|1〉, |2〉, |3〉} are spanned by the
symmetric spin triplet, the Lindblad form must necessar-
ily include collective spin operators. One first attempt
could be to consider a collective spin decay described by
the operator S = σ1 + σ2. This operator connect states
|1〉 and |3〉, but state |3〉 is connected through S† back
to a combination of |1〉 and |2〉, making this operator
not suitable to lead to Eqs. (9). Alternatively we can
consider the cartesian component of collective spin oper-
ators:
Sx =
σ1x + σ2x
2
,
Sy =
σ1y + σ2y
2
, (5)
Sz =
σ1z + σ2z
2
As can be directly checked, these operators have matrix
elements between Bell states in the symmetric subspace
given by:
Sx|1〉 = |3〉, Sx|3〉 = |1〉, Sx|2〉 = 0
Sy|1〉 = 0, Sy|2〉 = −i|3〉, Sy|3〉 = i|2〉 (6)
Sz|1〉 = |2〉, Sz|2〉 = |1〉, Sz|3〉 = 0.
They have the right matrix elements that could give rise
to (9) when the system evolves under Lindblad form
Lρ = Lγ(Sx)ρ+ Lγ(Sy)ρ+ Lγ(Sz)ρ (7)
A more general situation would be that of a system evolv-
ing under a free hamiltonian H0 and a Lindblad with
different decay rates such as:
ρ˙ = −i[H0, ρ] + Lγx(Sx)ρ+ Lγy (Sy)ρ+ Lγz (Sz)ρ (8)
Assuming that Bell states in the symmetric subspace are
eigenstates of H0, the general equations for the matrix
elements of ρ are given by,
ρ˙11 = γx(ρ33 − ρ11) + γz(ρ22 − ρ11),
ρ˙22 = γy(ρ33 − ρ22) + γz(ρ11 − ρ22),
ρ˙33 = γx(ρ11 − ρ33) + γy(ρ22 − ρ33), (9)
provided that state |4〉 is not initially populated. This
is the case when considering and initially unentangled
state |00〉 which in the Bell basis can be written as
(|1〉+ |2〉)/√2. In this situation we use the normalization
condition ρ33 = 1−ρ22−ρ11 and then the rate equations
become
ρ˙11 = −(2γx + γz)ρ11 + (γz − γx)ρ22 + γx
ρ˙22 = −(2γy + γz)ρ22 + (γz − γy)ρ11 + γy (10)
For example, when γx = γy = γ and γz = 0, the solution
has the following form
ρ11(t) = ρ22(t) =
1
3
{
1 +
1
2
e−3γt
}
, (11)
that is, after a long time: ρ11 = ρ22 = 1/3 which corre-
sponds to the steady maximally dissonant state (3). This
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FIG. 1. Evolution of discord Q(t) (purple line) and classical
correlations C(t) (blue line).
is also true whenever one of the decay rates (γx, γy, γz) is
zero and the other two are different from zero. In Fig. 1,
where the evolution of quantum discord Q(t) and clas-
sical correlations C(t) are shown as a function of γt we
observe that discord reaches and stationary maximum
value of Q = 1/3 when γt→∞.
It is interesting to know which are quantum resources
needed to generate this class of quantum states. In pre-
vious analysis we concluded that maximally dissonant
states are generated throughout an open dynamics in-
volving collective spin operators. Whether or not such
open dynamics could be generated in the absence of quan-
tum entanglement is the key question. A physical realiza-
tion for such dynamics is not usual to be found in quan-
tum optical systems. However, as developed in reference
[13], such dynamics appears for a pair of impurity-bound
electrons interacting with a bath of conduction band elec-
trons in a semiconductor. In such case the electrons in
the conduction band produce and RKKY interaction be-
tween localized spins and an effective dissipative struc-
ture as in Eq. (7). It has recently been found that a
dynamics with γy = 0 can be obtained for two qubits
subject to independent noisy classical fields, that leads
to maximally dissonant states as shown in ref. [14].
The physical architecture behind the open dynamics in
equation (8) actually needs the presence of an interme-
diary quantum system, for instance the electrons in the
conduction band, whose degrees of freedom are traced
out. This means that even when no actual entanglement
is being generated between localized spins, entanglement
has to be present in the interaction between localized
qubits with the electrons in the conduction band. In or-
der to clarify this, we consider the state in Eq. (1) and
write its purified version for m = 1/2 and  = 1/3,
|Ψ〉 = 1√
3
(|Ψ+〉|e1〉+ |00〉|e2〉+ |11〉|e3〉) (12)
as we see, the maximally dissonant two-spin state is max-
imally entangled with the purification state space. Notice
that both, the two spins and the purification system are
effective qutrits. This suggests us an strategy to prepare
highly dissonant states of two qubits: the preparation
of pure entangled two-qutrit state, where the first qutrit
should correspond to a two-qubit system in a Hilbert
space of dimension three.
Cavity assisted generation
A physical model where we can apply this strategy
is the one consisting in two two-level atoms interacting
resonantly with a single mode of the electromagnetic field
in the Tavis-Cummings model [15]. The Hamiltonian for
such system is given by
H = ~g
(
a†Jeiδt + aJ†e−iδt
)
(13)
where J = σ1 + σ2, with σj = |g〉j〈e| and δ is the fre-
quency difference between the field mode and the atomic
transition frequency. If we assume both atoms initially
in the excited state, that is |ee〉, and the field in a Fock
state of n excitations |n〉, the evolution leads to the state:
|Ψ(t)〉 = a1(t)|ee〉|n〉+ a2(t)|+〉|n+ 1〉+ a3(t)|gg〉|n+ 2〉
(14)
with |+〉 = (|eg〉 + |ge〉)/√2. This state corresponds
to an entangled state of qutrits: the electromagnetic
field mode lives within a three-dimensional Hilbert space
spanned by the states {|n〉, |n+1〉, |n+2〉}. On the other
hand, the atomic populations oscillates also within a
thee-dimensional Hilbert space {|ee〉, |+〉, |gg〉}. In conse-
quence, the dynamics provided by Hamiltonian Eq. (13)
results in an entangled state of two qutrits and then a
highly dissonant state of two qubits may be prepared
from this state. To see this, consider only the atomic
part of the system by tracing out the bosonic mode:
ρat = Trfield(|Ψ(t)〉〈Ψ(t)|). From Eq. (14), we have that
ρat = |a1(t)|2|ee〉〈ee|+ |a2(t)|2|+〉〈+|+ |a3(t)|2|gg〉〈gg|
(15)
This state has the same structure of state in Eq. (3).
In Fig. 2(a) we show the maximal discord we found as a
function of the detuning δ for the case n = 0. We observe
that when δ ∼ 1.07g the discord reaches approximately
its maximum value of 1/3. In Fig. 2(b) we show evolution
of populations |a1(t)|2, |a2(t)|2 and |a3(t)|2 for n = 0
and δ = 1.07g. We observe that when gt ∼ 0.75 all
amplitudes in (15) are approximately equals: |a1(t)|2 ≈
|a2(t)|2 ≈ |a3(t)|2 ≈ 1/3 and in consequence quantum
discord reaches a maximum value (also ≈ 1/3).
It is not difficult to see that when no detuning is con-
sidered, the quantum discord still reaches a high value
(∼ 0.3329) in the absence of entanglement. However,
when δ 6= 0, as the situation shown, the amount of dis-
cord increase until its maximum value in the absence en-
tanglement. Later entanglement appears suddenly lead-
ing to higher values for discord.
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FIG. 2. (a) Maximum quantum discord Q (purple dots) as
a function of the detuning δ. Black dashed line shows the
maximum posible discord Qmax = 1/3. (b) Evolution of pop-
ulations |a1(t)|2 (blue line), |a2(t)|2 (red line), |a3(t)|2 (green
line), quantum discord Q(t) (purple line) and concurrence
C(t) (cian line) for n = 0 for detuning δ = 1.07g.
Off resonant collective atomic interaction assisted
generation
Another scenario where dissonant states can be pre-
pared, is when we consider the Tavis-Cummings model
with two sets of atoms: a first set of two atoms coupled
to the bosonic mode with strength coupling constant g1
and a second set of N atoms coupled to the same field
mode with coupling constant g2. All the N+2 atoms are
coupled far from resonance to the cavity mode. In this
case, the field mode is only virtually populated and the
dynamics can be described by the effective Hamiltonian
H = H0 +H1 [16], where
H0 = ~λ1J†1J1 + ~λ2J
†
2J2 (16)
H1 = ~Ω12
(
J†1J2e
−iδt + J†2J1e
iδt
)
(17)
with δ = ∆2 −∆1, J1 = σ1 + σ2, J2 =
∑N+2
j=3 σj , and
Ω12 =
g1g2
2
(
1
∆1
+
1
∆2
)
where ∆j are the detuning between the j-th set of atoms
and the field mode, respectively.
If the atomic subsystems are initially in the symmet-
ric subspace, the effective Hamiltonian (17) will gener-
ate entangled states between these symmetric states only.
The first subsystem of two atoms behaves as an effective
qutrit {|ee〉, |+〉, |gg〉}. The second set of N atoms will
be described by the symmetric states with k excitations
|Dk〉. We will have a two qutrit only if the number of ex-
citations in the system is two. This is true if we consider
the initial state:
|Ψ(0)〉 = |ee〉|DN0 〉 (18)
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FIG. 3. (a) Evolution of populations |b1(t)|2 (blue line),
|b2(t)|2 (green line), |b3(t)|2 (red line) and quantum discord
Q(t) (purple line) for ∆1 = 11.2g, ∆2 = 10g (δ = −1.2g)
and N = 13. Black dashed line shows the maximum posible
discord without entanglement Qmax = 1/3.
In such case, the dynamics is restricted to the subspace
{|ee,DN0 〉, |+, DN1 〉, |gg,DN2 〉}, where both atomic sub-
systems behaves as qutrits. The hamiltonian in this case
can be rewritten as
H = ~Ω12(
√
2N |ee,DN0 〉〈+, DN1 |eiδat
+
√
4(N − 1)|+, DN1 〉〈gg,DN2 |eiδbt) + h.c. (19)
where,
δa = −δ − λ1 − λ2(N − 1)
δb = −δ + λ1 − λ2(N − 3)
One of the advantages of considering different couplings
and detunings is that we can set into resonance deter-
mined transitions [16–18]. For example, in this case we
look for different values for ∆1, ∆2 and N such that
maximum discord could be reached. In Fig. 3, we show
the evolution of the populations |bj(t)|2 for ∆1 = 11.2g,
∆2 = 10g and N = 13. In the figure it can be observed
that the quantum discord reaches an approximately max-
imum value (∼ 0.333) at gt ∼ 2.22.
MAXIMALLY CORRELATED QUTRITS WITH
NO ENTANGLEMENT
Following the discussion, we can now study if the ex-
istence of these class of quantum states with maximal
quantum correlation without entanglement are an exclu-
sive property of bipartite states of qubits. To answer this
question Let us consider the simple generalization of the
state (3) for two pair of atoms in the symmetric space
ρ =
4∑
k=0
dk|Dk〉〈Dk| (20)
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FIG. 4. Evolution of classical correlations C(t) (blue line),
quantum discord Q(t) (purple line) and entanglement of for-
mation (green line) as a function of the parameter  for the
state (20).
where |Dk〉 are the symmetric Dicke state of four atoms
with k excitations. This state can be viewed as a corre-
alted state of two qutrits {|ee〉, |+〉, |gg〉}. In general this
state will exhibit entanglement depending on the values
of dk, as happen for the state (1). For example consider
the simplest situation d2 = , and d0 = d1 = d3 = d4 =
1 − . As is shown in Fig. 4, quantum correlations ex-
hibit a maximum value for  = 1/5 in the region where
there is no entanglement. This state correspond to the
generalization of state (3) to the case of two qutrits, that
is a flat distribution in the symmetric subspace of two
qutrits .
As we are concern about the generation of correlated
states in the absence of entanglement, let us consider the
dynamics under Hamiltonian (13), from which the state
(20) can be generated from an initial condition of the
form:
|ψ0〉 = |D4〉|0〉 ≡ |eeee〉|n〉 (21)
that is, all atoms in the excited state and the quantum
field in the vacuum state. The evolution will let us with
|Ψ(t)〉 = a1(t)|D4〉|0〉+ a2(t)|D3〉|1〉+ a3(t)|D2〉|2〉
+a4(t)|D1〉|3〉+ a5(t)|D0〉|4〉. (22)
Tracing out the bosonic mode, Eq. (22) will take the
same form that Eq. (20). As in the previous cases, the
maximum quantum correlations in the absence of entan-
glement occurs when all probabilities are approximately
equals, that is, |aj(t)|2 ≈ 1/5 . In Fig. 5 the evolution of
the probabilities |aj(t)|2 is shown for δ = 1.08g. We see
in this Fig. that quantum discord reaches a maximum
value while the entanglement of formation is found to be
zero in this time period.
To calculate entanglement of formation and quantum
discord for the bipartite states of qutrits showed in Fig.
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FIG. 5. Evolution of populations |a1(t)|2 (blue line), |a2(t)|2
(red line), |a3(t)|2 (yellow line), |a4(t)|2 (cian line) and |a5(t)|2
(green line), quantum discord Q(t) (purple line) and entangle-
ment of formation (brown circles) for δ = 1.08g. Black dashed
line shows the time when discord reaches its maximum value.
4 and Fig. 5, we have used the Simulated Annealing
Algorithm (SAA) [19]. The entanglement is carried out
by searching for all pure state decomposition of the den-
sity matrix that minimize
∑
i qiE(|ψi〉), where E(|ψi〉)
is the von Neumann entropy. Such decompositions are
found by considering a purification of the density matrix∑
i
√
qi|ψk〉|ek〉 and searching for the unitary transforma-
tion (I⊗UE) that is acting on the purification space only.
Fo the calculation of quantum discord the optimization
is carried out with respect to all possible measurement
on subsystem B, which requires to cover all possible pro-
jections Πl = I⊗ VB |l〉〈l|V †B where l = 0, 1, 2 and VB is a
unitary 3×3 matrix. There is an specific unitary VB that
optimize the conditional entropy, and then quantum dis-
cord.The sampling the space of unitary transformations
is carried out by changing the annealing parameter as
C = 10−9e−2k, where k = [1,K], and K is the number
of annealing processes. For every figure in this work we
used K = 10, with 5 × 104 iterations for each k. The
dimension of the purification space M was 10.
In summary, we have investigated the generation of
maximally dissonant bipartite states. These states has
the interesting property that they hold the maximum
possible quantum correlations without showing entangle-
ment. To generate such states, we have proposed a the-
oretical method consisting in the generation of a maxi-
mally entangled state of two qutrits. One of the qutrits
corresponds to the effective representation of a two-qubit
system and the second qutrit corresponds to an ancillary
system. This ancillary system could correspond to an ef-
fective description of a reservoir, such is the case of a our
first example where a pair of impurity-bound electrons
interact with a bath of conduction band electrons in a
semiconductor. In the second example we use a bosonic
mode as the ancillary system in the Tavis-Cummings
model. In the third case we consider a bath of atoms
6as ancillary systems. In all cases we have addressed we
find that maximally correlated states arise in the absence
of entanglement. We finally extended the study search-
ing for maximally correlated states without entanglement
in higher dimensions. These finding shows that the ex-
istence of maximally correlated states in the absence of
entaglement is not an exclusive property of qubits.
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